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SYNOPSIS

This study deals with the mechanism of the instability of tensile force occurring in tensile
testing for polymer materials. It was found that through a proper transformation of inertia
coordinates, a tensile test can be described in the same governing differential equations
with the same boundary conditions as those employed in melt spinning. This fact suggests
that the nature of the instability is simply due to draw resonance rather than any other
cause. The effects of extension rate in tensile testing and the specimen dependence on the
instability of tensile force were experimentally investigated by using specimens with various
molecular orientations. The results are interpreted by applying the principles of draw res-

onance in melt spinning.

INTRODUCTION

There are two characteristic instability phenomena
occurring in polymer processing and testing. One is
the phenomenon called draw resonance in which
cyclic variation of taken-up filament diameter or film
thickness occurs in melt spinning or film-forming
process despite maintaining constant process con-
ditions. The other is the well-known tensile force
oscillation phenomenon occurring in tensile testing,
although all the test conditions are kept constant
when necking deformation of a specimen occurs.
Draw resonance appears to have been reported in
the early 1960s.2® The tensile force oscillation phe-
nomenon, however, has a long history and was first
discovered in the tensile test of metals.®” It was in
the 1950s that the tensile force oscillation phenom-
enon was also reported in polymer materials.®® Es-
pecially in the case of polymers, this phenomenon
is usually accompanied by optical and dimensional
cyclical variations in tested specimens and has re-
ceived considerable attention!®*? by investigators
in the fields of materials science and engineering.
On the other hand, draw resonance has been mainly
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dealt with by researchers in the fields of rheology
and polymer processing by means of mathematical
analysis. Yet there has been no effort to establish
the relationship between the two characteristic in-
stabilities.

To elucidate the mechanism of molecular struc-
ture formation in melt spinning of polymers, the
mathematical model of melt spinning has been ex-
tensively studied. The governing equations of melt
spinning, describing the relationship between fila-
ment parameters such as the cross-sectional area,
velocity, temperature, and viscosity, were estab-
lished in the 1960s. They consist of simultaneous
nonlinear partial differential equations and cannot
be solved analytically except in a few special cases.
Fortunately, the governing equations can be solved
numerically by means of computer simulation. The
numerical simulation of the governing equations in
steady states was studied by Kase and Matsui'**
and has played an important role in interpreting the
mechanism of molecular structure formation of
polymers in melt spinning. Furthermore the nu-
merical simulation was applied to transient states
of melt spinning, and from the results of the simu-
lation many essential features of draw resonance
have been understood.®?* In fact, the governing
equations have become an absolutely necessary tool
in studying the mechanism of draw resonance in
melt spinning.
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This powerful mathematical method, however,
has never been introduced to solving the tensile force
oscillation phenomenon in tensile testing. To ex-
plain this instability, Bunn and Alock?? suggested
a mechanism involving the tearing apart and re-
building of crystalline regions of a specimen. Un-
fortunately, it is not essential for a filament to be
crystalline to show the instability. In fact, amor-
phous filaments are much more unstable than crys-
talline filaments.

A common interpretation for the instability as-
sumes the thermal effect on the mechanical behavior
of a specimen.?* According to this point of view,
the energy introduced by the work of deformation
during tensile testing will be converted into heat,
which causes a local increase of temperature. It is
the local increase of temperature that makes the
tensile force decrease. Since necking deformation is
propagated throughout the specimen, a low temper-
ature of the new necking zone leads to an increase
of tensile force, and this process can be iterated.
This explanation is identical in principle to the “heat
effect” of draw resonance in melt spinning.?

Another simple model for this instability without
consideration of heat generation during necking de-
formation has been proposed by Pakula and
Fischer.?” The process of local rearrangement of
molecular chain segments during necking defor-
mation was believed to overcome an activation bar-
rier. Based on thermodynamic analysis, Pakula and
Fischer proposed that the instability is somewhat
of a “spinodal transition” from an isotropic state
into a highly oriented state.

Behary and Porcher® investigated the effects of
molecular orientation and crystallization of poly-
ethylene filaments on this instability. Their results
showed that the extension rates of tensile tests and
the molecular orientation degrees of specimens had
the greatest effects on the occurrence of the unstable
phenomenon.

In this present study, the tensile force oscillation
phenomenon is first theoretically analyzed by es-
tablishing the governing equations of tensile testing
during necking deformation. Inertia coordinates
transformation points out that there is a common
feature existing between the tensile force oscillation
phenomenon and draw resonance in melt spinning.
The decisive role of the mathematical analysis in
elucidating the mechanism of the instability will be
emphasized. The effects of extension rate and ex-
tension ratio of a tensile test and the molecular ori-
entation degree of a specimen on the instability have
been investigated, and the results interpreted by
means of the principles of draw resonance in melt

spinning. Although the discussion is restricted for
polymer specimens, this analysis is believed to be
also applicable for metals.

THEORETICAL

Governing Equations of Tensile Testing during
Necking Deformation

In a manner similar to that used in melt spinning,
the local velocity and stress as well as cross-sectional
area of a specimen in tensile testing can be described
in Eulerian coordinates. Figure 1 defines the param-
eters of the specimen in tensile testing. Obviously,
the one-dimensional continuity equation can be
written

dA(x,t)  I[A(x,t)v(x,t)]
+ =
ot ox

0 (1)

where A (x, t) and v(x, t) denote, respectively, the
cross-sectional area and velocity of the specimen at
time ¢ and distance x, from the cross head of a tester.
The density changes of the specimen during tensile
testing have been disregarded because the changes
are small.

In order to describe the plastic flow behavior of
the necking zone of a specimen during necking de-
formation, the Trouton elongational viscosity can
be introduced into tensile testing like in melt spin-
ning.

l(x,t) F(t) (2)
ox _A(x,t)ﬁ(x,t)
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X
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Figure 1 Parametersin tensile testingin stationary co-
ordinates.



where F(t) denotes the tensile force and is a con-
stant along the specimen. When the instability of
tensile force occurs, however, F(t) oscillates with
time t. The onset of the instability occurs mathe-
matically because F(t) is able to vary with time.
The symbol 3 represents the Trouton elongational
viscosity of the specimen during necking deforma-
tion when the specimen has already yielded. In gen-
eral, 3 is not a constant; it depends in a complex
way on the stain rate, temperature, and molecular
orientation and crystallization of the specimen. In
the nonnecking deformation zone of the specimen,
8 approaches infinity since it is an elastic defor-
mation rather than a plastic flow.

Equations (3) and (4) are, respectively, the initial
and boundary conditions of tensile testing.

v(x,t)=0 when x=0 (3)
v[L(t),t] =V, where L(t)=Ly+ Vot (4)

where V, and L, denote the extension rate and initial
gauge length of tensile testing, respectively. L(t) is
the specimen length at time ¢.

The continuity equation (1) and the constitution
equation (2) are the governing equations for tensile
testing. Unsteady solutions of F(¢) will mathemat-
ically show the instability of tensile testing. Unfor-
tunately, as in the case of melt spinning, they are
given in a simultaneous nonlinear differential form
and have not yet been solved analytically. Thus,
comparing these equations with those used in melt
spinning will be emphasized in analyzing the mech-
anism of the instability in tensile testing.

Equations (1) and (2) have the same forms as
those employed in an isothermal melt spinning un-
der constant spinning tension, but the initial and
boundary conditions are different. It is well known
that if initial and/or boundary conditions are dif-
ferent, there will be a completely different solution
for partial differential equations. Therefore, it is
necessary to further transform the relative inertia
coordinates system.

Coordinates Transformation

When necking deformation occurs in tensile testing,
the propagation velocity of the neck along a speci-
men can be calculated from the material balance
equation.

As shown in Figure 2 (a),

AoLy ~ Aoy + A1x (5)

Lo+ Vot =y +x (6)

GRAFT COPOLYMERIZATION OF AN AND MMA 2171

L L L

VAor

R

vn+VoAr

X

Sl

Figure2 Coordinates transformation from the station-
ary coordinates S to a relative inertia coordinates S'.

The neck propagation velocity v, is

dy Vo
= = 7
v dt n—1 (7

where n denotes the neck ratio, which is described
as

_ A

n—A1

(8)

where Ay and A, are the cross-sectional areas of the
specimen sections above and below the neck, re-
spectively. Therefore, v, is a function of the neck
ratio, which is in turn determined by the material
properties of the specimen.

If one observes the specimen in a coordinates
system S’ which is moving at velocity v, relative to
the stationary coordinates S, the neck propagation
becomes stationary relative to the coordinates S'.
Consequently, the dynamic behavior of tensile test-
ing can be described in the same way as that in melt
spinning. This is to say, plan I in Figure 2(a) can
be thought of as a spinneret from which polymer
fluid is extruded at the velocity v, with the cross-
sectional area Ag,. Plan II, can be considered as a
take-up point at which polymer fluid is taken up at
the velocity v,, + vy with the cross-sectional area A,
[Fig. 2 (b)]. Therefore, it is obvious that tensile
testing can be thought of as one kind of melt spin-
ning with an appropriate coordinates transforma-
tion. Thus it is clear that it is draw resonance that
the mechanism of the instability lies in.

In the relative inertia coordinates, S’, the draw
ratio is written as

Vet Vo Aw

v A (9)

Yw=n
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Supposing the necking phenomenon shown in
Figure 3(a) occurs as well, the neck propagation
velocity is then written as

_dx _nV,

V,=—=
dt n—1

(10)

In the relative inertia coordinates, which are
moving at v, relative to the stationary coordinates,
the following draw ratio can be obtained:

Vn A Or

AR

(11)

As a result, in both the cases of Figures 2 and 3,
the governing equations of tensile testing may have
identical mathematical forms to melt spinning with
a proper coordinates transformation. Note that the
draw ratio in the relative coordinates S’ has a dif-
ferent definition from the extension ratio in tensile
testing, viz., the extension rate divided by the initial
specimen length. In the following, only the case of
Figure 2 will be discussed.

The governing equations in the relative inertia
coordinates S’ become

0A,(x,, t) Jr¢9[x‘1r(xr,t)vr(xr, 2]
at ax,

v, (x,, t) _ F(t)
0%, A x,, t)B(x,, t)

0 (12)

(13)

The initial and boundary conditions are then
written

v,(0,8) =V, and A,(0,¢) = A,
when x. =0 (14)
v(L,,t)=V,+Vy, when x,=L,  (15)

S

n S’ S’

Figure 3 Coordinates transformation from the station-
ary coordinates S to a relative inertia coordinates S’ (an-
other case).

Table I Main Melt Spinning Conditions

Spinning Flow Rate Take-up Velocity
Polymer Temp. (°C) (g/min) (m/min)
PET 293 4.0 1000
3000
5000

where the subscript r denotes the relative inertia
coordinates.

Equations (12) and (13) are simultaneous non-
linear partial differential equations like those used
in melt spinning, and analytical solutions cannot be
achieved readily. However, based on the principles
of draw resonance, one can interpret the instability
without recourse to solving these equations. The
consistencies of the governing equations as well as
the initial and boundary conditions for tensile test-
ing with those used in melt spinning suggest that
the instability has the same mechanism as draw res-
onance. Therefore, it is anticipated that the insta-
bility may be interpreted by employing the principles
of draw resonance in melt spinning.

In a previous paper by the author,? the cross-
sectional area dependence of the local draw ratio,

e)
a(av /9x), was demonstrated to be the necessary

condition of draw resonance in melt spinning. Ac-
a
cording to whether the value of a(av/ O0x) is posi-

tive or negative, the filament drawing can be defined
as a uniformizing draw mode or a nonuniformizing
draw mode. In the case of tensile testing, the non-
uniformizing draw mode corresponds to strain soft-
ening, and the uniformizing draw mode corresponds
to strain hardening. When necking deformation oc-
curs in tensile testing, the decrease of the cross-sec-
tional area caused by yielding makes the true stress
increase. Consequently, the strain softening effect
stretches the section with a smaller cross-sectional
area to a larger extent. On the other hand, the Trou-
ton elongation viscosity increases abruptly with the
plastic flow deformation of a necking specimen be-
cause of the increase of molecular orientation and

Table II Birefringence of Specimens

Specimen

(m/min) An X 10°
1000 5.0
3000 29.0
5000 90.0
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Figure 4 Load-extension curves for the PET fiber specimens with low molecular ori-

entation at various extension rates.

smaller sections halts. The strain softening effect
shows why necking deformation occurs, and the
strain hardening effect, on the other hand, explains
why the specimen does not break. Whether the in-

orientation-induced crystallization of the specimen.
As compared with the increase of the true stress,
when the increase of the Trouton elongational vis-
cosity becomes dominant, further stretch for the
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Figure 5 Load-extension curves for the PET fiber specimens with medium molecular

orientation at various extension rates.

EXPERIMENTAL
Specimens

Filaments were prepared by melt spinning polyeth-

and 5000 m/min were tested, and they were referred
to as the specimens with low, medium and high mo-
lecular orientations, respectively. Melt spinning was
carried out at the laboratory of the Tokyo Institute
of Technology. The main melt spinning conditions
are listed in Table 1. For the detailed spinning con-
ditions one may refer to the cited literature.?*?!

Optical Analysis

The refractive indices parallel and perpendicular to
the filament axis (n; and n, ) were measured by using
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an interference microscope (Carl Zeiss, Jena) with
a polarization filter. Birefringence An was then cal-
culated as An = ny; — n, . In addition, a polarization
microscope equipped with a Na D-line light source
was employed to investigate the development of
molecular orientation of the necking zone for un-
loaded specimens. Furthermore, a neck surface of
an unloaded specimen was investigated by using a
JSM T-200 scanning electron microscope.

Tensile Testing

Tensile testing was performed in a Tensilon tensile
tester at room temperature in air. The gauge lengths
of 20, 40, and 60 mm and the extension rates from
20 to 500 mm/min were employed. Tensile force
during tensile testing was recorded on electromag-
netic recording charts.

RESULTS AND DISCUSSION

Table II shows birefringence for the three kinds of
specimens used in this study. By simply increasing
the spinning velocity, the as-spun fibers showed low
oriented, medium oriented, and highly oriented
structures in sequence. In Figure 4 the tensile forces
for the low oriented specimen (1000 m/min, speci-
men length 40 mm) during tensile testing are dis-
played. When the extension rate was low, no tensile
force oscillation phenomenon was observed. With
the extension rate increasing, however, the tensile
force started to oscillate from the middle of the load-
extension curve, then continued with a standing pe-
riod and amplitude. At the 200-mm/min extension
rate, the tensile force appeared to oscillate as soon
as necking deformation appeared. These phenomena
completely correspond to the concept of the limit
cycle of draw resonance in melt spinning,?-?3!
which maintains that if the draw ratio in melt spin-
ning is higher than a critical draw ratio of draw res-
onance, there is a standing oscillation having certain
amplitude and period independent of the initial
conditions.

Figures 5 and 6 show the load-extension curves
for the specimens of 3000 and 5000 m/min during
testing { specimen length 40 mm). No tensile force
oscillation was observed in the whole range of the
extension rates employed.

The influence of gauge length for the 1000 m/
min specimen is shown in Figure 7. The abscissa is
the extension rate and the ordinate the extension
ratio of testing. These experimental results indicate
that it is the extension rate rather than the extension
ratio that the instability depends on.

2175

In order to study the structure changes of the
specimens during tensile testing, a specimen of low
orientation { gauge length 40 mm, extension rate 200
mm/min) was unloaded from the tester when neck-
ing deformation was propagating. A polarization
micrograph for this specimen is shown in Figure 8.
It is seen that with the development of deformation
of the neck birefringence of the specimen develops.
Since the same order of interference fringe has the
same quantity of the difference of optical distance,
the interference fringes vertical to the fiber axis in
the necking zone seem to demonstrate that molec-

] Vongo mm/min
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'

Figure 6 Load-extension curves for the PET fiber
specimens with high molecular orientation at various ex-
tension rates.
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Figure 7 The tensile force oscillation phenomenon depends on the extension rates rather

then the extension ratios.

ular orientation of the specimen began from the skin
layer first, then spread to the core layer. The central
interference fringe shows clearly periodical variation
along the fiber axis, and the product of the length
of the period and the number of the tensile force
oscillation peaks in the load-extension curve was
equal to the specimen length. Thus, it is clear that
the periodical variation of molecular orientation of
the specimen was caused by the instability. On the
other hand, no such cyclical change of the interfer-
ence fringes was found for a stable tensile test.

The above experimental results can be summa-
rized in two points. One is the specimen dependence
and the other is the extension rate dependence of
the instability. The results can be explained using
the analytical method proposed in the previous pa-
per.? In the relative inertia coordinates S’, as shown
in Figure 2, when necking deformation occurs, the
upper parts of a specimen are at rest and the lower
parts are taken-up at velocity of v, + vy. Only the
zone between plan I and II is involved in the coor-
dinates S’. The instability has nothing to do with
gauge length. The mathematical analysis method
used in the analysis of draw resonance in melt spin-
ning is, in principle, applicable to the instability
analysis of tensile testing as well.

Figure 9 illustrates a diameter profile of a speci-
men during necking deformation, as well as the pro-
files of the velocity and velocity gradient in the rel-
ative inertia coordinates S’. The velocity gradient
increases with the distance from the neck starting
point, reaches the maximum, and then decreases.
On the left side of the maximum velocity gradient
point, there is 3%v,/dx2 > 0; it is the strain softening

region. On the right side, %v,/dx? < 0; it corresponds
to the strain hardening region. The strain softening
region is the promotive factor, and the strain hard-
ening region becomes the suppressive factor for the
instability. Whether the instability phenomenon
occurs will depend on the competition of strain soft-
ening and strain hardening.

This mathematical analysis plays a decisive role
in studying the mechanism of the instability of ten-
sile testing, rather than establishing a quantitative
method. First of all, the one-dimensional governing
equations are very precise for melt spinning but not
accurate enough for tensile testing because necking
deformation occurs in a very short range along a
specimen, suggesting that three-dimensional equa-
tions should be used. Figure 8 has already illustrated
that birefringence of the necking zone develops three
dimensionally, implying a difference of the Trouton
viscosities from the skin layer to the center layer.
Figure 10 is a scanning electron micrograph of the
necking zone for an unloaded specimen. As can be
seen, there were many wrinkles on the surface of
the specimen, providing further evidence. Second,
it is not easy to obtain accurately d/0A,(dv,)dx,)
from experimental data. Consequently, to calculate
the stable parameter as in melt spinning is difficult
in practice. The mechanism of the instability is
thought to be more important than a quantitative
analysis.

The mathematical explanation can be related to
the molecular interpretation of the instability. As
compared with the specimen of 1000 m/min, mol-
ecules of the specimens of 3000 and 5000 m/min
have already oriented to certain extents. One reason,
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Figure 8 A polarization micrograph for the necking
zone of an unloaded specimen (unstable).

therefore, could be that the Trouton elongational
viscosity increases only slightly with stretching for
low orientation specimens and increases abruptly
for high orientation specimens. This reason is in
good agreement with the fact that a highly oriented
specimen will have much higher yield stress than a
low oriented specimen. Therefore during necking
deformation, the strain hardening effect will be de-
tected earlier for the specimens whose molecules
have already oriented to some extent but later for
the specimen whose molecules have not oriented yet.
It is then anticipated that the strain hardening effect
for the specimen having a larger neck ratio is de-
layed. From the relationship between the nature ex-
tension ratio and the neck ratio, one will easily un-
derstand that the specimens of 3000 and 5000 m/
min have a weaker strain softening effect than the
specimens of 1000 m/min. This is why the medium
and highly oriented specimens were much more sta-
ble than the low oriented specimen.

The extension rate dependence of the instability
could lie in the positive correlation between the
strain softening effect and extension rate. Figure 11
is a plot of the neck ratios against the extension
rates for the specimens of 1000 m/min. It is seen
from the plot that the higher the extension rate, the
greater is the neck ratio. This fact suggests that the
strain softening effect was larger in a tensile test
with higher extension rate. Smith and Ender et al.323*
demonstrated that there is a delay time for molecular
rearrangement of a specimen under a constant load
tensile test. As compared with the strain rate of the
specimen, the retardatory time of molecular orien-
tation of the specimen is longer for higher extension
rates. Consequently, the strain hardening effect was
retarded, and the instability occurred in higher ex-
tension rate tests.

It should be pointed out that the mechanism of
the instability is applicable not only to polymer ma-
terials but also to metals. However, metals are crys-
talline, and their strain hardening effects are realized
by dislocations.

CONCLUSION

The governing equations for tensile testing during
necking deformation consist of the continuity equa-
tion (1) and the constitution equation (2). By a
relative inertia coordinates transformation, it was
shown that these partial differential equations have
the same mathematical forms with the same initial
and boundary conditions as those used in isothermal
melt spinning under uniform tension. This fact sug-
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Figure 9 Radius, velocity, and velocity gradient profiles of a necking zone in the relative
inertia coordinates S’. The radius profile was measured by using an unloaded specimen.

gests the instability in tensile testing is simply due
to draw resonance rather than any other cause.
However, the abrupt change of the cross-sectional
area and the stress concentration of a specimen in
the necking zone orient molecules in the skin layer

of the specimen earlier than the central layer. One-
dimensional equations are not sufficient to quanti-
tatively describe the dynamic behavior of a specimen
in tensile testing. The instability is dominated by
the competition of the effects of strain softening and

ST nanh
LIS E
Figure 10 A SEM photograph for the surface of the necking zone of an unloaded spec-
imen.
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Figure 11 Relationship between the neck ratio of a specimen and the extension rate in

tensile testing.

strain hardening. Because the strain softening effect
for a partially and highly oriented specimen was
weak, no tensile force oscillation was observed.
However, as compared with the strain rate in the
case of higher extension rate, the delay time of mo-
lecular orientation became longer, the strain soft-
ening effect was strong and the instability occurred.
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